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Rayleigh-Benard percolation transition of thermal convection in porous media: Computational
fluid dynamics, NMR velocity mapping, NMR temperature mapping
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Stationary thermal convection and heat conduction were studied in random-site percolation clusters in a
Rayleigh-Beard configuration experimentally by NMR microscopy techniques and numerically with the aid of
a finite volume method. The porosity of the percolation clusters, and the temperature difference applied to the
convection cell were varied. Two-dimensional percolation networks were generated with the aid of a random-
number algorithm. The resulting clusters were used as templates for the fabrication of model objects. The
convective velocity distribution of silicon oil or ethylene glycol filled into the pore space was mapped and
evaluated in the form of histograms. The flow patterns visualized in the simulated and the measured velocity
maps show good coincidence. In the histograms, two velocity regimes can be distinguished and attributed to
local convection rolls responsible for the low-velocity part, and cluster-spanning flow loops characterized by a
high-velocity cut-off, respectively. The maximum velocity as a function of the porosity and the overall tem-
perature difference is shown to be indicative for the hydro-thermodynamic Rayléiggr-dBmstability and the
geometrical percolation threshold. The coincidence of the RayleigtasBeinstability (modified for porous
medig and the percolation transitiofmodified for closed loopsgives rise to a new critical phenomenon
termed the Rayleigh-Berd percolation transition. It occurs at a certain combination of the porosity and the
overall temperature difference in the cell. Temperature maps were recorded with the aid of a relaxation-based
NMR technique. The consequence of different thermal conductivities in the matrix and in the fluid is that
horizontal-temperature gradients arise even in the absence of flow. This leads to a superposition of uncritical
convective flow driven by the horizontal-temperature gradients whenever closed-loop pathways are possible
and the critical Rayleigh-Berd convection based on vertical-temperature gradients.
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[. INTRODUCTION temperature gradient components arise even in the absence
of convective flow. That is, “uncritical,” horizontal-gradient

This study refers to a combination of two critical phenom-based convection occurs whenever a closed-loop pathway of
ena: The percolation transition occurring in random pore netthe porous matrix permits continuous flow.
works in the form of a “geometrical phase transition” at a  The vertical-temperature gradient component may also
certain threshold valup, of the porosity of the systerfl]. ~ cause convection which then is expected to be subject to the
The Rayleigh-Beard transition on the other hand is known familiar bouyancy/gravity interplay of the Rayleigh-i@d
for thermal convection in a bulk fluid confined in a cell with Problem. This suggests a thermo and hydrodynamic instabil-
variable vertical-temperature gradid@t4). ity at certain values of a sort of Rayleigh number suitably

Each of the two transition phenomena obviously has ité"nodified for porous media. That is, convective flow due to

own specific impact on fluid transport. Convective flow an—f[he relatively weak _horlzontal temperature grad'e.”‘ IS SUper-
L . - imposed by the critical onset of convection rolls induced by
ticipates percolation clusters permitting closed-loop trans-

ort. It is not just the linear extension of the ercolaﬁonvertical—temperature gradients.
port. J . € P The coincidence of the hydro-thermodynamic Rayleigh-
clusters that determines the largest convection roll. If th

SBenard instability(modified for porous medjaand the geo-
pore space network does not allow for closed-loop transportyaqical percolation thresholdmodified for closed-loop
thermal convection cannot arise. transport waysfor fluids in porous media forms a new tran-
The classical Rayleigh-Berd problem refers to bulk flu-  sjtion phenomenon combining the critical features of both
ids confined between a hot bottom and a cold top cover of &ansitions at a time. It is termed “Rayleigh-Bard-
cell of “infinite” width. The onset of convection at a certain perco|ation transition” and was first described in our previ_
instability condition, the critical Rayleigh numbg#], indi-  ous papef5]. The crucial experimental parameters are the
cates that the hot-fluid buoyancy overwhelms the effect oporosity of the matrix and the vertical-temperature gradient
gravity so that heat conduction becomes surpassed by cohafemponent effective on the length scale of the convection
ent flow in the form of rolls. In a porous medium the situa- loops. As will be demonstrated in this paper, this combined
tion is more complex. The thermal conductivities in the fluid double-critical phenomenon can only occur at a special com-
and in the solid matrix are normally different. That is, the bination of these parameters, so that the criticality of both
temperature gradient effective for Rayleighriaed convec- basic effects is accounted for. Experimental parameters other
tion depends on the matrix structure and must be examinetthan the porosity and the overall bottom-top temperature dif-
separately. A further consequence of the complex distributioference are the viscosity and thermal conductivity character-
of thermal conductivities is also that finite horizontal- istics of the fluid.
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In our previous papel5] it was shown that such critical
convection effects can be monitored by relating the maxi-
mum coherent-flow velocity in the system with the param-
eters mentioned and the system size. Coherent flow was e
amined with the aid of computational fluid dynamics and, as
far as resolvable, by nuclear magnetic resonahiddR) ve-
locity mapping. The objective of the present study is to
elaborate the conditions and the features of the Rayleigh
Benard-percolation transition in random-site percolation
clusters in more detail. Furthermore a special NMR tech-
nigue is reported permitting us to map the temperature in thg
sample experimentallyin comparison to numerical solu-
tions). This is of crucial importance for the elucidation of the
thermodynamic part of the phenomenon.

Il. PERCOLATION MODEL OBJECTS
AND THE RAYLEIGH-BE NARD CELL

generated on a square base lattice with the aid of a rando
number algorithm. The occupation probability of the base
lattice points is identical to the porosifyof the model ob-
jects to be fabricated on the basis of the computer-generated

networks. The porosity is defined IW:VP/V’ WhereVp IS study. (a) Computer-generated template for the fabrication of a

the voIlume of the pp_re s'pace avicbeing the tF’ta' volume of model object and for computational fluid dynami@s. Photograph
the ObJeCt. All SpECIflcatlonS of the perCOlatlon networks re'of the model object(c) Spln density map of the silicon oil filled

fer to this definition even when isolated clusters were omit-sre space. Signals from the solid polystyrene matrix are not ren-
ted in the fabrication process because of their inaccessibilityered with the imaging technique uséd). Binary representation of
from the outside. Infinite-random-site networks are known tothe spin density map. This is used as a mask to screen off all matrix
have a percolation threshold pf~0.59[1,6], a value thatis  pixels in velocity maps in order to avoid undesired velocity noise.
increased somewhat due to the finite size in the present casehe actual object size to which the investigations in this study refer
Using the computer-generated networks as templatesyas 4 cm in horizontal direction times 2 cm vertically in the net-
guasi-two-dimensional model objects were milled in 3-mm-work plane corresponding to 18G%0 points of the base lattice.
thick polystyrene plates with the aid of a circuit board plotter
[7,8]. The spatial resolution of the fabrication process waden to thirteen identical, 2-mm-deep isolated slices milled
400 pm, so that all details of the liquid-filled pore space canaccording to the percolation template were glued one on top
readily be probed experimentally with the spatial resolutionof the other to form a stack of identical percolation networks
of magnetic resonance microscof8]. A photo of a typical ~ With a total fluid layer width of 2.6 cm.
example is shown in Fig. (b) in comparison to the The model objects were incorporated in a glass container
computer-generated template Figa)l The size of the ob- designed in Rayleigh-Beard configuratior(see Fig. 2 The
jects actually referred to in this report was 4 cm in horizontalcooling and heating medium circulating in the top and bot-
direction times 2 cm vertically in the network plane corre-tom compartments, respectively, was water. The temperature
sponding to 10850 points of the base lattice. difference achievable at maximum this way was 70 K, but
The pore space was filled with silicon oil KT@ayer Wwas restricted to 45 Ksilicon oil) and 60 K(ethylene gly-
AG) (thermal conductivity k5= 0.133 W/mK) or ethylene
glycol (thermal conductivityAgg=0.25 W/mK). The ther-
mal conductivity of the solid polystyrene matrix spg
=0.15 W/mK. Silicon oil is particularly suited for free-
convection experiments because of its relatively large ther-
mal volume expansion coefficient of 10840 3 1/K. From
the more practical point of view, silicon oil has the advantage
of a low gas solubility, so that gas bubbles in the pore space
could safely be avoided in contrast to water, for instance.
The thickness of the model objects was chosen thin
enough to avoid perceptible transport in the third space di- FiG. 2. Schematic representation of the Rayleigdsd con-
mension so that “two-dimensional” behavior was ensured.yection cell. The model objects were inserted in the middle com-
The velocities evaluated in the third dimension perpendiculapartment of size 6 cixi6 cmx 2 cm. The top and bottom compart-
to the network plane did not exceed the noise level ments were cooled and heated with flowing cold and hot water,
(=~0.04 mm/s). In order to improve the signal-to-noise ratio,respectively.

FIG. 1. Percolation network of the type investigated in this

expansion vessel

D

in- and output
.......... » of liquid coolant
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(n2), (m), echo perfections of the pulse sequence. Spatial phase encoding in
/\ _,/IA\‘_ the verticaly direction was incremented typically in 128
RF > steps. The spatial frequency encoding in the horizantht
rection was probed by acquisition of typically 256 data
3 [ [ | > points. Slice selection along thedirection ensured that the
{horizontal) echo signals were restricted to the proper sample and that
— signals from the heating and cold bath fluids were sup-
G > i -
y % pressed. Phase encoding of the velocity was performed for
(vertical) . . . . .
all three space directions in typically seven increments. The
G > raw data sets for each of the velocity components were zero-
(veldity time filled prior to Fourier transformation and were convoluted
components) with a Hanning filter in the direction of the velocity compo-

nent[16]. The field of view of the spatial dimensions was
pically 6 cm (x direction times 3 cm g direction with a
jgital resolution between 120 and 240n. The velocity

range probed was betweer).7 and*+ 1.3 mm/s with a digi-

tal resolution between 0.01 and 0.02 mm/s. Typical spin

echo and repetition times werd=130 ms and Tg

=800 ms,

FIG. 3. RF and magnetic flux density gradier,(G,,G,)
pulse sequence for spin density and velocity mapping. The metho
employs a Hahn spin-echo RF pulse sequence, a slice selecti
gradient in thex direction(horizontal and perpendicular to the main
field flux density, a spatial phase encoding gradient in yhairec-
tion (vertical and perpendicular to the main field flux density
spatial frequency encoding gradient in thalirection (horizontal

and parallel to the main field flux densityand a velocity phase respectively._ . . . .
encoding gradient pulse pair directed in different space directions in The multidimensional Fourier transform of the velocity

subsequent experiments depending on the velocity component to k¥'d Space encoded echo signals yields the velocity distribu-

probed. The pulse sequence selectively produces signals from tii9n for each voxe[9]. Velocity maps were rendered by plot-
liquid sample constituents only. ting the voxel mean value in the form of gray or color coded

contours. Figure 4 shows typical maps of the velocity com-

col) in the experiments in order to diminish the danger ofPonentsv, (horizonta), v, (vertica), and of the velocity
breakage of the glass. magnitudep = \/vx2+ uy2 recorded in silicon oil and rendered
in this way.

In order to avoid any velocity noise contributions from
pixels in the solid matrix, these areas were screened off with
A. Spin density and velocity mapping the aid of a binary mask obtained from spin density maps
- . (see Fig. 1d) for example. The mask data set allocates all
. In the flwd f|IIed_space of the mod_el objects N.MR veloc- matrix gixels the valuepO and all pore space pixels the value
ity mapping experiments were carried out. While thermall Figure 1c) shows a typical spin density map recorded

convection in free liquids was already studied by differentwith the aid of the spatial encoding part of the pulse scheme
NMR velocity and displacement measuring techniquesspown in Fig. 3.

[10,11], there are only a few literature reports on the appli-
cation of this technique to porous medli£2,13. It should be
mentioned that free-convection patterns in porous media are
less susceptible to external distortions and imperfections than Thermal convection is driven by temperature gradients

in bulk. It is therefore unproblematic to produce stable andPfiginating from external heating and cold baths. The spatial
reproducible convective flow under such conditions. distribution of the temperature inside the porous medium is

The measuring method of the present study was fourthe result of heat conduction and convective flow. Heat con-
dimensional “Fourier encoding velocity imaging” probing duction is heterogeneous in general because of the different

two spatial and two velocity dimensions. Detailed descrip-"€at conductivities in the pore space fluid and in the solid
tions of the technique can be found in Ref8,14], for in- matrix. It is therefore_ qf interest to measure the local tem-
stance. Figure 3 shows a scheme of the radio frequéREy peﬁture and render it in the forlm. of temperature :jnaps.d

and magnetic flux density gradient pulses suitable for spirNMRumerous tatte][npt_s dFo Eth[p oit te:nperature epe”tef‘t
density as well as velocity mapping. parameters for indirect temperature measurements in

The percolation model object was placed in a Bruker bio_general have been re_ported in the literafli@—21). In the
spec horizontal bore microimaging magnet with a magneti(preSent s'tudy we demdeq to use the tem_perature dependence
flux density of 4.7 T corresponding to 200-MHz proton reso_of the_ spin-lattice _relaxatlon tim&, for thls_ purpose. Thl_s_
nance frequency. The RF transmitter and receiver consolguanfl'_ty can reqdlly ?e mapped tby Y&r%';'g thle reper;[mon
was home made. Due to strong dipolar line broadening ther qu R 'nF"?‘ s%neTsho e>_<per|rrr11en S V\;!t dE?I'pu S€ tic eme
was no perceptible contribution of the solid polystyrene ma=>10Wn N FIg. 5. The Spin-echo amplitud (Tr), is en.
trix to the Hahn spin echo signals acquired in our eXperi_attenua_tted by partial saturation of the spin state populations
ments as demonstrated by the spin density map in Fag. 1 according to
'Flj'gree\g(;(égy maps thus refer exclusively to the fluid in the E(Tr)*x1—c exp{— Tr/T4l. 1)
The maps were recorded using the exorcycle of pulse&~1 is a constant.

phaseq15] in order to remove systematic errors due to im-  Since the temperature dependenceTofin silicon oil is

IIl. NMR MICROSCOPY METHODS

B. Temperature mapping
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FIG. 4. (Color) Comparison between experimentift) and computedright) maps of a random-site percolation cluster with a porosity
of p=0.7 in a Rayleigh-Beard configuration. The NMR experiments and the simulations refer to silicotapiPhotograph of the model
object.(ag Computer generated template) NMR map of the velocity magnitude of the convective flow pattethb) Simulated map of
the velocity magnitudelc) NMR map of they component of the velocityvertical). (cc) Simulated map of thg component(d) NMR map
of thex component of the velocitthorizonta). (dd) Simulated map of th& component. The standard deviation of all experimental velocity
maps wasr<10"2 mm/s.

too weak to permit the desired temperature resolution, a difwhereT, refers to a Larmor frequency of 200 MHz.

ferent fluid was chosen for this purpose. Ethylene glycol In the temperature mapping experiments, the repetition
turned out to be particularly favorable. Figure 5 shows aime was varied from 0.2 s to 6.4 s with an increment of 0.2
calibration curve recorded in the range 293 to 353 K. Thiss, Figure 6 shows the results of a test experiment demonstrat-
suggests the empirical relation ing the stationary temperature distribution in a cell with a
temperature gradient in this case directed from the bottom to
the top of the cell. The temperature gradients in vertical and
horizontal directions are constant as expected for a bulk

T(Tl)—36.7lr<mjK_2 K, 2)

056301-4



RAYLEIGH-BENARD PERCOLATION TRANSITION @ . . . PHYSICAL REVIEW E 66, 056301 (2002

3000 method(FVM; commercial software package FLUENT 5.5
[22,23 for the same percolation networks.
o 2000 The FVM simulations are based on the Boussinesq ap-
£ proximation [4], that is, all hydrodynamic parameters are
" kept fixed with the exception of the temperature dependent

10004 density. These assumptions are certainly justified in the tem-

388 perature range of our experiments. The program numerically
700 solves the Navier-Stokes, the continuity, and the heat-
600 conduction equations with geometrical boundary conditions
5001 ° given by the matrix and the convection cell. Molecular dif-
290 300 310 320 330 340 350 360 fusion was not taken into account in the simulations. How-

T[K] ever, the good coincidence of the simulated and the experi-
mental data suggests that no major influence of Brownian
motion matters here at least in the range that can be probed
with NMR velocity mapping {=0.01 mm/s).

The boundary conditions at the side walls of the convec-
sample with a homogeneous thermal conductivity distribution cell were assumed to be adiabatic, whereas the top and
tion. bottom surfaces are subject to isothermic conditions. Within
the porous medium the solid polystyrene and the fluid in the
pore space are thermodynamically coupled according to the
respective heat conductivities. The fluid is assumed to com-

Parallel to all experimental investigations numerical simu-ply to nonslip conditions at the pore walls so that the velocity
lations have been performed with the aid of the finite-volumeyanishes at all surfaces.

Each point of the 10850 square lattice on which the

FIG. 5. Calibration curve of the proton spin-lattice relaxation
time of ethylene glycol at 200 MHz as a function of the tempera-
ture. The solid line represents =0.18 ex§T/36.7 K} ms.

IV. COMPUTATIONAL FLUID DYNAMICS METHODS

360 percolation clusters are based was meshedby Elements.
< 3501 da The results deviate from a5 mesh coverage by 20% and
~ 340 from a 40< 40 mesh coverage by 5%. The total number of
330 700% 350 equidistant elements turned out to be sufficient for
the spatial resolution to be considered in the light of the
3201 fabrication and measuring limits in the order of several hun-
310 dred micrometers. Note, however, that the resolution of the
discreteness restricts the size of the smallest vortices that are
300+ X ; . . o
taken into account in the computational fluid dynamics simu-
290 lation. The only criterion that permits the justification of a
00 05 10 15 20 25 30 35 certain finite resolution is the comparison with a real experi-
y[cm) ment. This will be' shown in thg follovying section.
330 The global residue of the simulations wasl0 ®. The
— temperature and velocity convergence of the numerical ap-
X, 3251 b proach was additionally surveyed in selected lattice cells.
M~ 300 Before solving the Navier-Stokes equation for the flow ve-
315 locity, the program was initialized by first calculating the
temperature field for the static case.
3101 The finite thickness of the model objects perpendicular to
305 the flow plane was not taken into account in the simulations.
3004 That is, the absence of friction at the bounding surfaces of
the quasi-two-dimensional objects leads to flow velocities in
SN I | - ol Width oo L the simulations increased by a factor of about 4 relative to
290 ————————————T———T the NMR velocity mapping experiments. The experimental
10 1 2 3 45 ?([cr7n] 8 result may also appear to be slightly decreased by partially

filled voxels at the matrix edges, whereas the simulations are

FIG. 6. Experimental temperature test profiles measured acroggfer_”ng to completely filled voxels perfectly fitting to the
the cell middle in the verticala) and horizontalb) directions. The =~ Maltrix structure. _ _ _
cell was filled with bulk ethylene glycol. An upward temperature 1 he fluid parameters assumed in the computational fluid
gradient was applied so that no convection took place. The dottedynamics simulations correspond to the fluids used in the
line in (a) represents a constant temperature gradient alony the €xperiments. Also the thermal conductivity of the polysty-
direction. The temperature profile in the horizontal direction is con-rene matrix deviating from that of the fluids was accounted
stant with the exception of the edges where the imperfect insulatiofor. Apart from the deviating velocity values explained
caused some deviations. above, the quality of the computational fluid dynamics simu-
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lations is demonstrated by the coinciding flow patterns
shown in Fig. 4.

V. RESULTS FOR RANDOM-SITE
PERCOLATION CLUSTERS

A. Temperature maps

In an ideal Rayleigh-Beard cell filled with a free fluid
thermal convection, that is coherent flow, remains absent un-

til a critical value of the Rayleigh number is reached. Ordi- — 313.20
nary heat conduction dominates until then. The Rayleigh %313.15- b) ,“
number, in particular, depends on the temperature difference J
between the bottom and top compartment surfaces. Under 913404 A
such circumstances the temperature gradient is directed in 313.05 ;M
vertical direction from the bottom to the top. No horizontal 55,5
components exist below the critical Rayleigh numpzm- ’ A ,‘\’Q
pare Fig. 6b)]. 312.951 " : v
A similar situation arises in porous media only if the ther- 312.90 4 !\j ®  same thermal conductivity
mal conductivity of the matrix happens to be identical to that ®  different thermal conductivity
. s . X 312.85 : ; . . .
of the fluid. The temperature gradient remains directed ver- 0000 0005 0010 0015  0.020

tically below a critical Rayleigh number that exists as in the x [m]
bulk liquid. In this case we are again facing a crossover from
heat transport solely by conduction to thermal convection FIG.7. Calculated temperature distribution in a random-site per-
dominating above the critical temperature difference. colation network in the absence of coherent flow and under the
However, heat conductivities of solid matrix materials andassumption of different thermal conductivities in the fluid and in the
of fluids normally are different. That is, the temperature dis_mgtrix. Under such conditions horizontal-temperature _ gradignts
tribution can no longer be described by vertical-temperatur&'ise: (8 Temperature map calculated for a completely insulating
gradients alone even at the lowest temperature difference@!id matrix(thermal conductivity Op=0.6375). (b) Temperature
between the bottom and top surfaces of the cell. Finitrofile along a horizontal line in the middie of a network with
horzoaemperaure radient components arise and. as %1 1T conettes of sl poystyene and e
conseaence ot comectn ol O e s e s ans e B

. . . Or comparison.
Figure 7a) shows a temperature map in a random-site per- P

colation network for a completely insulating matrix material, maanitude was determined at each knot in the meshed area

Fig. 7(b) the corresponding horizontal-temperature profile mThegtotaI elocity range. €< as subdivided into '

the middle of a network with the respective heat conductivi- velocily range, Sv=umax, Was subdivided into
up to 10 000 equal bins. The abundance of the corresponding

ties of solid polystyrene and silicon oil. " i :
Figure 8 shows temperature maps meastaednd simu- knot velocities was then counted and plotted in normalized,
logarithmic form.

lated(ag in a random-site percolation cluster with a porosity Figure 9 shows histograms of the relative velocity magni-

=0.7 in a Rayleigh-Beard configuration. The good coin- . ; .
Eidence of theyex%erimental ang calculated rgaps demo ude evaluated from simulated velocity maps for different

strates the quality both of the measuring and the simulatior'fl’oros'tIes at a fixed overall temperature differersd .
technique. =40 K between the bottom and the top cover. The potential

The temperature varies in horizontal as well as in verticaFXtenS|0nS of the convection loops depends on the pore space

direction. However, the strongest temperature gradients Sholwstthrlctlogsflc?mpir?hﬁgs.nA\f/ ar][?)r?'lihe Iovx(/jervtr;e poé?\f'tz N
up in downward direction. The vertical velocity component Svergllsm:ar? tecna: erae'iu(r:g rggie?nt ?hoepﬁ)caﬁ t?er%p.eratuere ;f_
are correspondingly strong and lead to marked main ﬂovxf P 9 ’ P

paths more or less aligned along the temperature gradie frence across a convection .Ioop is a function of Fhe loop
direction as visualized in the maps of the velocity compo—s'ze’. and, hencg, of the porosny: The consequence IS that 'ghe
nents shown in Figs.(8), (bb), (¢), and (co). maximum velquty .decreases W|tl_1 deprea;mg porosity. This
must be kept in mind when considering histograms of rela-
tive velocities for fixed overall temperature differences.
The histograms in Fig. 9 are generally characterized by a
The experimental and simulated velocity maps like thosdlat section at low relative velocities and a sharp drop near
shown in Figs. 4(silicon oil) and 8(ethylene glycol were  the maximum velocities. The low- and high-velocity regions
evaluated with respect to distributions of the velocity com-of the histograms can be attributed to localized and cluster-
ponents and of the velocity magnitu@ie units of the respec- spanning convection rolls, respectively. Betwgen 0.635
tive maximum velocity component or magnitydéor the and p=0.65 the distribution changes significantly for low
evaluation of the histograms, the velocity component orrelative velocities. As will be outlined in the following sec-

B. Histograms of the flow velocity
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FIG. 8. (Color) Comparison of temperature and velocity maps for ethylene glycol in random-site percolation clusters with a porosity of
p=0.7 in a Rayleigh-Beard configuration. Left column: NMR experiments. Right column: simulatitasand (aa temperature mapsb)
and (bb) maps of the velocity component(c) and (cc) maps of the velocitik component(d) and (dd) maps of the velocity magnitude.

tion, this can be attributed to a critical phenomenon attrib-magnitude and the two components of the velocity evaluated
uted to features both of the known Rayleighred instabil-  at different porosities for a fixed maximum velocitfig.

ity and the geometrical percolation threshd. 10).

At low velocities,v <v ,,2,/100, and for 0.&p<0.75 @) To keep the maximum velocity fixed independent of the
and 0.6sp<0.9 (vy,) the data appear to approach a powerporosity means that the local temperature difference across a
law convection loop tends to be the larger the smaller the loop is,

b that is the smaller the porosity is. This rescales the velocity
nev 3 distribution which now refers to the absolute velocities rather

than relative values. The power law given in Eg) again
a tendency that is further corroborated by histograms of theélescribes the histograms at low velocities in a wide range in
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FIG. 9. Double logarithmic velocity histograms evaluated from 3
FVM simulated free-convection patterns in two-dimensional -c%
random-site percolation networks in a 2-cm-high Rayleighdd ==
configuration. The data for different porositipsare plotted shifted i
relative to each other versus the ratio of the magnitudes of the local >‘E“
velocity and the maximum value/v .. They axis represents the ;x
vertical direction. The data refer to a fixed overall temperature dif- =

ference ofAT=40 K and the material-specific parameters of silicon
oil in a polystyrene matrix. The velocity scale was linearly subdi- T

vided in 10 000 intervals. Note that the data point symbols overlap 154 1E o:01 0 1
at high velocities owing to the logarithmic scale. The scattering of Vx/vmax,x

the data is due to the much lower abundance in this range. The

straight line corresponds to a power law. C) 1

the Rayleigh-Beard-convection regiméNote that the criti-
cal phenomenon describing the onset of Rayleighde
convection sensitively depends on the mean temperature gra-
dient, and, hence, will be shifted with the overall temperature
difference to different criticap values. See the discussion in
the following section.

The exponentb evaluated from these data foy
<vmayd 100 isplotted in Fig. 11 as a function of the porosity.
It appears that it obeys a linear relationship

”(V/Vmax, J) [arb. units]

v/iv
b=c;p+c,, (4) d o p=09
w3 = p=0.8
for 0.6<p=0.9 wherec,; andc, are constants. Interestingly ) E \ A p=07
i v p=0.65
the results of the present convection study show some fea- g . " e p06
tures similar to those found in flow studig24,25. 3, :.. "'._ '« p05
The data in Figs. 9 and 10 at large velocity magnitudes 1 ‘M o
and close t@=0.65 can be described by an exponential law QE I % Ty o Lot s
= R ) xv".,‘ﬁ:
nocexp{ — C3v/v max (5) T 1 e ?::
] DR
in a range 0.¥v/v =1 in excellent agreement with the e A A T
data evaluated from the experimental velocity maps. The ’ : ’ |;/| - | ’ | :
guantity c; is a constant. Théhorizonta) x component ap- max

pears to follow also an exponential decay of the histogram
[Fig. 12b)] whereas thévertica) y component significantly

deviates from any such lajFig. 12¢)]. FIG. 10. Velocity histograms for the same system as in Fig.

but now for a fixed maximum velocity af ,,,,~0.3 mm/s instead

3 of a fixed overall temperature differen&el which is varied corre-
C. The Rayleigh-Benard-percolation transition spondingly.(a) Magnitude, bin sizev,,/10 000; (b) (positive) x

The classical Rayleigh-Berd transition occurs in bulk component, bin size ,a,,/10 000; (c) (positive y component, bin
fluids in a horizontally infinitely wide convection cell at a SiZ€vmax,/10 000; (d) magnitude, bin size /64 (half logarith-

certain critical value of the Rayleigh numbjet] mic representation The straight lines in plot&) to (c) correspond
to power laws.

056301-8



RAYLEIGH-BENARD PERCOLATION TRANSITION @ . . . PHYSICAL REVIEW E 66, 056301 (2002

1.24 o fvf; AT=40 K a) 1071 ® NMR experiment
b = vf; lv/=0.3mm/s o FVM simulation
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FIG. 11. Exponenb evaluated from the histograms shown in 5 o ’ s"g.
Figs. 9 and 10 according to the respective power lawsv|°, ™ 107 Lo ‘
nocu;b, andnocv;b as functions of the porosity. The straight line >E 101 .,;OQ’O .!%:g
corresponds to a linearly decaying lda= c,p+C,. \E_x i3 ’53.
= 10 e C!C’O-.Oa%
R _gapCpATd3 5 10°] ..'C:.) O..'.;
a— VA ’ ( ) . . . . .
45 -0 05 00 05 10
whereg is the gravitational acceleration, adl’ andd are Ve
the temperature difference and the distance between the bot- ® NMR Experiment
tom and top, i.e., the heating and cold baths, respectively.  C) 10"{° FYMSimulaton g
The other parameters are specific for the fluids the ther- 2 Foe
mal expansion coefficienp, is the density at the tempera- ™ 1071 j %%%
ture of the cold bathe, is the specific heat at constant pres- F 10°1 R A
sure, v is the kinematic viscosity, and is the thermal > F .,
conductivity. < 40 - el
The critical value of the Rayleigh number is 1708. Below w
this value we have pure thermal conduction. The onset of 10% " 0%
thermal convection occurs when the critical value is reached. 40 05 00 05 10
For a given fluid and a given convection cell the Rayleigh VY iy

number can be varied by varying the overall temperature
differenceAT. In view of the present study, convective flow  FIG. 12. Comparison of experimental and simulated velocity
is monitored via the maximum velocity occurring in any of histograms in the experimentally accessible range0.01 mm/s.
the fluid voxels in the cell. Figure 13 shows a corresponding@ Magnitude;(b) x component;(c) y component. The bin sizes
simulation result. The maximum velocity magnitude jumpsWwere 1/64 and_ 1/32 of the maximum velocity and velocity compo-
at the critical Rayleigh number up by at least 11 orders of1€nts, respectively.
magnitude, where the lower value is determined by the finite
simulation precisior{(“double precision”. The critical Ray- clusterg[1]. At extremely low porosity values loops are even
leigh number is found to be somewhat larger than the valugestricted to microscopic portions of a pore channel and do
given above due to the finite lateral extension of the cellnot hem about matrix obstacles anymore.
configuration assume]. The more or less restricted extension of the convection
The convection loops developing in the pore space of d0ops occurring in the pore space simultaneously reduces the
random-site percolation cluster are getting more and moréemperature difference effective for the loops. Cluster span-
distorted with decreasing porosity. This is visualized in thening loops certainly are subject to the overall temperature
series of simulated flow patterns shown in Fig. 14. Cell-difference in the cell, whereas more localized loops sense
spanning convection loops are only possible significantlyonly a fraction given by the temperature gradient and the
above the geometrical percolation threshold where suchobop extension. Any critical onset of thermal convection in a
closed pathways are more likely. The geometrical percolatiopercolation network will thus depend on the porosity and the
threshold is by contrast defined by a single cluster spanningverall temperature dependence.
pathway rather than by a closed loop. The transition phenomenon showing up in the histograms
When the percolation threshold is approached and the pan Fig. 9 at a certain critical porosity can be examined in
rosity falls short of it, the convection loops are getting moremore detail by plotting the maximum velocity as a function
and more localized. Below the percolation threshold theof the porosityp where the overall temperature difference
maximum loop extension is restricted by the correlationAT in the convection cell is an experimental parameter.
length of the network which determines the mean size of the The maximum velocities change dramatically with the po-

056301-9



M. WEBER AND R. KIMMICH PHYSICAL REVIEW E 66, 056301 (2002

10°] . \{elocity takes the v.alueymaX%O..?, mm/s undgr the. condi-
Wed — tions of the convection cell subject to our simulations. The
0% _ relationship between the critical porosity and the correspond-
s 1 ing overall temperature differencgRB=pRE(ATRE), or
107 vice versaA TRB=ATRB(pRB) can thus be established from
10°1 L the set of velocity maps simulated for different porosities and
overall temperature differences: Selecting those combina-
10" tions that fulfill the conditiorv ,,,,~0.3 mm/s=20% yields
1071 the data shown in Fig. 16.
s The semilogarithmic plot of the dataTRB=ATRE(pRE)
1079 == suggest three regimes: Two exponential functions at low and
107 . ” s high pR® values separated by a crossover interval at a par-
10 10 A 10 ticular valuep?®~0.6 corresponding to the overall tempera-
: ture difference of our systeTR®. In the exponential re-
FIG. 13. Ordinary Rayleigh-Beard transition in a convection 9ions the critical porosity can be represented by the laws
cell filled with a bulk fluid. The instability reveals itself by an RB RB
abrupt increase of the maximum velocity when the critical Rayleigh AT™®=Toexp{ —p~~u}, @)
number is reached. The two lower data points correspond to the .
numerical accuracy achievable in our simulations. orvice versa,
u
rosity at certain critical values depending on the overall tem- RB_ [ ]
: : : p~"=In : ®
perature difference. Figure 15 shows a corresponding plot. ATRB

For AT=40 K an abrupt change of at least two orders of

magnitude of the maximum velocity occurs at a certain criti-whereT, is a constant and=0.105+ 0.005.

cal porosity. The value of the critical porosity is a function of ~ The crossover at the experimental parameter combination

the system size to a minor degrgs), and in a more pro- p=p£“3 andAT:ATffB occurs when sample-spanning con-

nounced way of the overall temperature differeCe. vection loops become possible for the first time coming from
The latter finding corroborates that this transition phe-low porosities(and low temperature differengeas visual-

nomenon is of a truly critical nature and that it combinesized in the series of flow patterns shown in Fig. 14. That is,

features of both the geometrical percolation transition andat this particular porosity and at this particular temperature

the Rayleigh-Beard instability: The transition phenomenon difference the geometrical percolation thresh@modified

observed here occurs when in the geometrically largest poser closed loops and finite systejrand the Rayleigh-Beard

sible closed-loop pathway the Rayleigh+Bed instability transition(modified for porous medjacoincide. Both critical

conditions are fulfilled. The loops that are possible at minophenomena are superimposed at this particular value pair. It

porosities tend to be small. The transition to the Rayleigh-must therefore be considered as a distinguished porosity and

Benard convection regime hence requires a large overalemperature difference combination. We call it the

temperature difference in order to ensure a sufficient tem“Rayleigh-Benard-percolation transition[’5].

perature gradient in the loop range. Vice versa, large porosi- On the other hand, the instabilities occurringp &, A TR

ties permit large loops, and the RayleighrBed instability —parameter pairs below or above the Rayleigmée-

conditions are already given at a moderate overall tempergercolation thresholqb?B,ATcRB (see Fig. 15 reflect ordi-

ture difference. nary Rayleigh-Beard transitions modified for porous media.
The finite step helght at the critical porosities observed InThe instabilities Occurring at porosities abw@s are con-

Fig. 15 is a consequence of the horizontal-temperature grarected with the appearance of sample-spanning convection

dients occurring even in the absence of convection if thgoops of little restraint by the percolation network. At lower

thermal conductivities in the fluid and in the matrix are de-porosities, no sample-spanning loops are possible any longer.

viating (see the temperature maps shown in Figs. 7 and 8The convection rolls adopt a more localized character, and

The consequence is that some moderate convective flow ahe |ocal cluster diameter determines the effective tempera-
ready exists below the critical porosities: There is no criticalyyre difference.

threshold for the onset of convective flow in horizontal-
temperature gradienfs].

On the other hand, horizontal-temperature gradients can
be avoided in the simulations by choosing identical thermal Thermal convection in random-site percolation clusters in
conductivities in the fluid and in the matrix. In this case noa Rayleigh-Beard configuration was studied using magnetic
flow can be monitored below the critical porosities at theresonance velocity and temperature mapping in comparison
respective overall temperature difference, and the velocityo computational fluid dynamics simulations. Plotting the
drops below the finite simulation accuracy value. Some datanaximum velocity detected in a voxel as a function of ex-
points demonstrating this are also plotted in Fig. 15. perimental parameter@orosity, overall temperature differ-

Figure 15 suggests that the transition to the Rayleighence turned out to be a dependable way of detection.
Benard convection regime reveals itself when the maximum The computational fluid dynamics calculations provide

VI. DISCUSSION
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FIG. 14. (Color) Logarithmic contour plots of
the velocity magnitude for different porosities
and a fixed maximum velocity o0f v ay
~0.3 mm/s.

numerical solutions of the Navier-Stokes equation, the con- The velocity maps recorded in this study visualize the
tinuity equation, and the heat-conduction equation. In thehanges of the convection loops when the geometric flow
light of the relatively good coincidence of the simulated andrestrictions are changed. With decreasing porosity, sample-
experimental flow patterns, we conclude that FVM simula-spanning rolls become less and less likely until a modified
tions provide a reasonably reliable tool for examining veloc-percolation transition occurs. At a certain value of the poros-
ity distributions in the submillimeter-per-second range.  jty p= pRB combined with a certain overall temperature dif-
The advantage of FVM simulations is that the access'blq'erenceAT:ATcRB the Rayleigh-Beard-percolation insta-

\r;]e;ocutr)]/ rizgirilrsné?lltj;?/vﬁi?ﬁii tlrn?irt]eg] ;hea'}limz_zg:gg::y bility occurs as a phenomenon of a mixed geometrical and
pping exp y yhydrodynamic nature. The transition parameters are specific

resolution (in the present case 0.01 mm/$:NMR velocity for the t dsi f th lati work under i
mapping is therefore not feasible below the Rayleigndd OratiOGn ype and siz€ ot the percolation network under inves-

transitions where flow velocities are getting extremely small'9 o L
even in the presence of pretransitional convection. On the Below and above the Rayleigh-Bard-percolation insta-
other hand, the abrupt occurrence of detectable flow velociility, where the ordinary Rayleigh-Berd transition(modi-

ties when passing the Rayleigh+Bed transitiongmodified ~ fied for porous mediaand the geometrical percolation
for porous med|}i|n genera| and at the Ray|eighl_md_ threshold do not CO|nC|de, critical transition phenomena nev-

percolation threshold, in particular, is an experimental veri-€rtheless occur as demonstrated in Fig. 15, if the overall
fication of the existence of these phenomena. temperature difference allows for a RayleighrBed transi-
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FIG. 15. Maximum convective flow velocity as a function of the 10%+— : . :
porosity of a random-site percolation network. The abrupt changes 02 04 06 08 1.0
of the maximum velocity indicate transitiorisodified for porous p
medig with the overall temperature differencel as a parameter. . . .
3 P b FIG. 16. Relationship between the overall temperature differ-

;—Eﬁ:ogatlitgn f?LsAt;b:lI:)(/) Kat Zri 0Céosewr:greth?heRa%L?dI?:é?:;%ic ence and the Rayleigh-Bard transition defined by the occurrence
. ; o . . of a maximum velocity value o ,,5,=0.3 mm/s. The crossover at
Rayleigh-Baard phenomenon and the geometrical percolatlonth Ravleigh-Baard lation threshold ab=pRB~0.6 and
threshold (modified for closed loopsof the percolation network A'(I?—Aa'l}/R%? 1'108? _—pc;a_rcct)a 'Otﬂ res c_)d ab—pfc thN lR aln_ h
coincide (see Fig. 1& The finite flow velocities found below the —, = '¢ —~ indicates he caincidence ‘ot the Rayleigh-
thresholds are due to pretransitional convection arising fro enard |_nstab|I|ty_(mod|f|ec_:I_for porous medjaand the geometrical
horizontal-temperature gradients. This superimposed convectioRerCOI"jltlon transitioimodified for closed-loop flow pathwalys

disappears when the thermal conductivitiem the fluid and in the
matrix are assumed to be identical as demonstrated by the da;izB so that the local loop-spanning temperature gradient re-

represented by open circles and arrows. The lower values of thtains its critical value. Vice versa, decreasihig expected to
open-circle data points correspond to the numerical resolution adfatten the crossover step.

justed; that is, no _fi_nite velocity can be stated below the transitions The temperature maps shown in Fig. 8 visualize that hori-
under these conditions. zontal gradients arise even in the absence of hydrodynamic
tion of the ordinary type but modified for topological con- flow if the thermal conductivities of the fluid, and the matrix
straints of porous media deviate from each other. The consequence is(ihaiy slow)

The distinguished character of the RayleighaBed- convective flow occurs a_\lready belc_)\_/v the Rayl_e|gh13|e1
percolation instability as a combination of two critical phe- thresholds. However, this pretransitional flow is not of a
nomena is demonstrated in Fig. 16, where the critical overaﬁ:rItlcal hature. If the thef.m‘"." conductivities of the. flwd and
temperature difference of the convection cell and the criticafhe matrix happen to coincide, no such pretransm_onal con-
porosity are correlated. The Rayleigh+Bed percolation re- vection occurs as demons?rated by our computational fluid
veals itself as a crossover between two regimes characterizgarllam'gs s[[mulﬁtlon(;tseg Fig. 15 tive t tin t f
by shifted exponential relations representing the ordinar){h n olr e_tr otct_atr_ac erlzehconvec 'I\’etrznﬁ.p(t)r in erm;st(r)]
combined Rayleigh-Beard-percolation instability transition ¢ VEIOCty stalistics, we have evaluated histograms of the
below and above the combined RayleighaBed-percolation velocity maps as a function of t_he porosity. The h|stograms
instability. That is, there is no variation degree of freedom2'€ characterized by a steep high-velocity cut-off attributed
for the combined Rayleigh-Brrd-percolation instability: to the cIuster-spa'nn_lng convection roII_s and a slowly varying
The threshold conditions for both critical phenomena musfeg'or:j char]ractelzrlgtl_c for mOI’iOg)CijLzed Cﬁnvgctlclml ﬁon-
be fulfiled at one time, whereas the ordinary Rayleigh—m,aCte with ve 00|t|ea;<vma)J_ ' ove the Rayleigh-
Benard transition can occur at any finite porosity at the ef_Benard trans.mon the latter regime can be representgd by a
fective temperature difference corresponding to the conve power law with an exponent dep_enc_ilng_ on the porosity. On
tion roll size geometrically possible. the ot_her hand, the velocity distribution of _the clu_ster-

The data points plotted in Fig. 16 refer to random-siteSPanning 100ps appears to follow an exponential law in the
percolation networks and to the particular system size an¥icinity of pc™.
material parameters relevant in our study. Increasing the sys-
tem thicknessd (which, however, would conflict with our ACKNOWLEDGMENTS

present experimental and computational restricliaasex-
pected to heighten the crossover step. At porosities above We thank Andreas Klemm and Hans Wiringer for their

p?B, the critical overall temperature difference would be re-kind cooperation. This work was supported by the Deutsche
duced[see Eq.(6)], whereas it would be increased below Forschungsgemeinschafsrant No. SFB56Q
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